Summary. An axisymmetric finite element was used to model the lithosphere as an infinite, 40 km-thick, circular, elastic plate on an elastic foundation (asthenosphere) subjected to concentrated thermal loading. Thermal loading is produced by a point heat source of 4.184~ lo8 watts located 60 km beneath the plate, within the asthenosphere. Increased nodal temperatures within the lithospheric finite element mesh were obtained from a solution to the steady-state heat conduction equation for a point source in a semi-infinite half-space. Vertical as well as radial thermal expansion coefficients of 1.33 x lo-' K-' were utilized in the solutions.
Summary. An axisymmetric finite element was used to model the lithosphere as an infinite, 40 km-thick, circular, elastic plate on an elastic foundation (asthenosphere) subjected to concentrated thermal loading. Thermal loading is produced by a point heat source of 4.184~ lo8 watts located 60 km beneath the plate, within the asthenosphere. Increased nodal temperatures within the lithospheric finite element mesh were obtained from a solution to the steady-state heat conduction equation for a point source in a semi-infinite half-space. Vertical as well as radial thermal expansion coefficients of 1.33 x lo-' K-' were utilized in the solutions.
Thermoelastic loads as well as isostatic uplift forces are applied as nodal loads in the finite element lithosphere model. Thermoelastic loads are produced from uneven heating of the lithosphere and differential expansion. Isostatic uplift forces result from radial expansion and the diminished density of heated lithosphere columns. Uplift of the lithosphere due to the point heat source and vertical expansion is reduced because of radial expansion and flexure. This occurs because material at the base of the lithosphere is closer to the point heat source and experiences greater radial expansion. For sediment infdl, thermoelastic loading reduces the surface uplift produced by isostatic uplift forces from 3 11 to 192m. Thermoelastic lithosphere models yield significantly higher radial stress profiles than density models without thermoelastic stresses. The neutral plane for radial stress is displaced towards the surface in the thermoelastic models due to greater radial expansion of basal lithosphere material which is closer to the point heat source.
The finite element model has several advantages over the classical thin plate approach. Stresses and strains can be evaluated at any point within the lithosphere. This capability was used in this study to determine vertical lithosphere expansion (thickening), non-linear variation of stress with depth, and the stress neutral plane position.
Introduction
Temperature variations within the lithosphere are associated with plate deformations and cause changes in topography due to thermal expansion and contraction. These changes are often characterized by the isostatic response of the lithosphere to density variations which result from thermal effects or thermal isostasy. 'Thermal contraction' of a cooling isostatic lithosphere appears to account for sea floor bathymetry which increases in depth with age away from mid-ocean ridges (Parker & Oldenburg 1973; Davis & Lister 1974; Parsons & Sclater 1977) . Mid-plate topography swells, which do not fit this age-depth relationship for the ocean floor, may be caused by localized reheating and expansion of the lithosphere as it passes over a mantle hotspot (Crough 1978) .
Uplift of the lithosphere due to heating from below has been suggested as a mechanism for continental rift formation (Sleep 1971 ; Bott 1981) . Subsequent cooling and thermal contraction of the uplifted lithosphere adequately describes the observed subsidence of continental margins (Sleep 1971). Gass et al. (1978) suggested that the observed uplift of the continental lithosphere in East Africa was caused by heating and thermal expansion of the lithosphere over a mantle hotspot.
A number of lithosphere plate mechanical models have been proposed which include the flexural response in addition to vertical isostatic effects resulting from thermal loads. Haxby, Turcotte & Bird (1976) utilized an axisymmetric circular elastic plate model to describe the subsidence history and flexure of the Michigan Basin. Thermal loading is represented by a gabbro-eclogite phase transformation which results from the heating of lower crustal rocks by a diapiric intrusion. The weight of the denser eclogite halo produces a disc-shaped gravity load on the lithosphere causing subsidence and flexure. Sleep & Snell (1976) proposed a thermo-mechanical model to describe the observed subsidence of the Atlantic margin and mid-continent basins which includes viscoelastic flexure. Thermal loading is characterized indirectly by a gravity load which results from an increase in density due to thermal contraction.
Although lithosphere deformation appears to be a strong function of temperature, thermoelastic stresses and deformations have received little attention. This thermal loading contrasts with the frequently utilized 'thermal contraction' and phase transition mechanisms where gravity loads are produced by density variations in response to an applied temperature field. Turcotte & Oxburgh (1973) examined the uniaxial tensile stresses created within a cooling lithosphere plate parallel to a mid-ocean ridge axis. Mareschal (1981) utilized an elastic slab model to describe vertical lithosphere expansion and surface uplift in response to conductive heating from below. More recently, Bills (1983) extended the 1-D slab model using thin plate theory, and normalized (nondimensional) parameters, to include flexural effects resulting from horizontal expansion.
The objective of this study is to use the finite element method to examine the response of a stationary circular elastic plate overlying an elastic Winkler foundation (asthenosphere) to thermoelastic stresses. The Winkler foundation engineering model for the asthenosphere provides a vertical hydrostatic restoring force on the lithosphere plate for isostatic compensation. This simple foundation consists of a series of springs which act independently of one another and resist vertical deflections of the lithosphere. The force of the asthenosphere on the lithosphere is proportional to the vertical deflection of the lithosphere and the density difference between the asthenosphere and the material infilling the deformed lithosphere surface topography. Thermal loading results from increased lithospheric geothermal gradients produced by steady-state conduction from a point heat source within the asthenosphere.
The finite element thermoelastic model has the following advantages over the classical approach such as the non-dimensional thin plate study of Bills (1983) :
(1) The displacement and strain at any point within the thickness of the lithosphere can be obtained using the finite element model. Thickening of the lithosphere caused by vertical expansion is easily determined by subtracting the corresponding surface and base vertical nodal displacements. The use of thin plate theory gives the deflection of the lithosphere midplane and does not address the question of lithosphere thickening; an important geophysical parameter;
(2) More realistic thermal load application is possible with the finite element lithosphere model. Thin plate lithosphere models utilize assumed loading which are expressed in terms of complicated mathematical functions and applied at the surface. Thermal loading in the finite element thermoelastic lithosphere model is provided by initial element strains and the corresponding equivalent nodal forces. The equivalent nodal forces are a function of the average nodal temperatures of each heated element and vary within the lithosphere according to the intensity of the applied temperature field; ( 3 ) The neutral stress plane of an axisymmetric plate heated from below is displaced from the mid-plane towards the surface. This results from the fact that material in the lower lithosphere is closer to the heat source and therefore experiences greater radial expansion than the shallower lithosphere material. The position of the neutral stress plane and the nonlinear variation of stress with depth are easily determined with the finite element model. Thin plate models assume that the neutral stress plane is located at the mid-depth of the lithosphere and that stress variation with depth is linear; (4) An axisymmetric finite element program can easily be modified for plane-strain lithosphere models. Such a program can be utilized to determine the thermoelastic response of rifts (see McMullen & Mohraz 1984) .
Lithosphere finite element model
A circular elastic plate with a radius of 1000 km and a thickness of 40 km, as illustrated in Fig. 1 , is used to model the lithosphere. A large radius was selected to eliminate the effects of the boundary condition at R = 1000 km. The finite element mesh (Fig. 2) used to model the lithosphere consists of 248 rectangular and 12 triangular axisymmetric (ring) plane strain finite elements. The asthenosphere is modelled as an elastic Winkler foundation ( Fig. 1 ) using scalar elements attached to nodes at the base of the lithosphere plate which resist vertical movement. It should be noted that because of axial symmetry, the scalar elements are 1-D continuous circular springs. The stiffness of each scalar spring represents the stiffness contribution of an annular area. Thermal loading is produced by a small, steady-state heat source within the asthenosphere at a depth of 100 km. The point source is positioned 60 km beneath the lithosphere plate to avoid melting and lithosphere thinning as well as material and geometric nonlinearity in the model. A solution for the steady-state heat conduction from a point source in a stationary infinite half-space with zero surface temperature is given by (Carslaw & Jaeger 1959; Birch 1975): where R and Z are defined in Fig. 1 , Z , is the depth of the point heat source, (I is the intensity of the point source, and is used for thermal conductivity to avoid confusion with the structural stiffness matrix K . The lithosphere is assumed to be stationary since a non-axisymmetric temperature distribution would result in a moving slab which is not addressed in this study. The analysis neglects possible convection and assumes that heat transfer within both the lithosphere and asthenosphere is by conduction. Any heat source which produces a non-uniform temperature field within the elastic lithosphere plate will create thermoelastic stresses and deformations.
A point heat source within the asthenosphere produces a localized, axisymmetric increase in the lithosphere geothermal gradients as shown in Fig. 3 . Increased lithosphere is the thermal conductivity. The symbol temperatures are calculated using equation (1) and are applied at the nodes in the finite element mesh (Fig. 2) . A reference (stress free) temperature of 0 K is assumed for the lithosphere corresponding to the normal geothermal gradient. The finite element program utilizes the nodal temperatures and an interpolation function to calculate the nodal loads due to thermal strains. The effects are included as initial strains in the finite element analysis, The initial strains due to thermal loading for an isotropic material are given by:
where the a's are the coefficients of linear thermal expansion, eA is the temperature above some reference datum, e0's are normal strains and & is the shear strain. Compressive strains are positive by definition and the 0 subscript denotes angular strain. The initial stresses are given by 1
where [D] is the elasticity matrix. Equivalent nodal forces {F'} corresponding to the initial stresses are calculated for each element using the following relationship:
where [ B ] is the strain matrix composed of derivatives of axisymmetric shape functions. The nodal displacements U are then obtained from the solution of:
where [ K ] is the assembled structural stiffness matrix and {P) is the nodal load vector which includes contributions from { F o } .
The elastic spring stiffnesses for the asthenosphere contribute to the diagonal elements of Thermal conductivity of lithosphere: 2.092 W m-' K-' Intensity of point heat source: 4.184 x 108W Depth of point heat source from the surface: 100 km.
Young's Modulus, Poisson's ratio, and the coefficients of thermal expansion were kept the same for all lithosphere elements and were not varied with temperature. It is assumed that the mechanical thickness of the lithosphere is 40 km. This is significantly thinner than the thermal or seismic thickness which can be on the order of 200 km in continental areas. The assumed elastic thickness of 40 km is however, consistent with results from Haxby et al. (1976) who demonstrated that the average thickness of the elastic lithosphere during the development of the Michigan Basin was 45 km. The plastic and creep behaviour of the deeper lithosphere material is not considered in the model.
Thermoelastic stresses are also important in heated oceanic lithosphere which is significantly thinner than the continental lithosphere. A thickness of 40 km is conservative for analysis of the lithosphere in oceanic regions.
The thermal anomaly created in the lithosphere plate by a point heat source of 4.1 84 x lo8 W at 100 km depth is illustrated in Fig. 3 . Increased lithosphere temperatures corresponding to this anomaly were applied in the finite element model within a radius of 380 km. All nodes beyond 380 km (dashed line in Fig. 3) , where the thermal effects are negligible, were assigned a temperature of 0 K. R . The asthenosphere foundation modulus is a function of the density contrast between the asthenosphere and the material infilling the lithosphere surface deformation for isostatic compensaticn. An expression for estimating the asthenosphere foundation modulus (Winkler spring stiffness) is given by:
where pA is the density of the asthenosphere, pI is the density of the material infilling the vertical lithosphere deflection, and g is the acceleration of gravity (Watts & Cochran 1974; Haxby ef al. 1976; Sleep & Snell 1976) . If one assumes a density of 3300 kg m-3 the asthenosphere foundation modulus is 32.34 kPa m-3 for air infill, 22.54 kPa r K 3 for water infill, and 5.88 kPa m-3 for sediment (with a density of 2700 kg m-3) infill. These moduli, which are consistent with those used by other investigators (Watts & Cochran 1974; Haxby ef al. 1976; Sleep & Snell 1976) , were utilized in the finite element solutions. Some error may exist in these estimates as the tension in the foundation scalar elements, attached to nodes at the base of the lithosphere plate, is a function of the vertical deflection of the base. For a thermoelastic analysis, in general, the vertical deflection of the base is different from the surface deflection which controls the infill because vertical expansion occurs in addition to flexure. 
where h is the lithosphere thickness, p is the density of the lithosphere, cr, is the volumetric coefficient of thermal expansion for the lithosphere material, and TE is the average excess temperature of a lithosphere column given by:
In the above expression T(R, Z ) is the thermal anomaly in the lithosphere. It should be noted from equation (7) that the volumetric coefficient of thermal expansion is multiplied by y3. This results from the fact that linear horizontal expansion in two directions diminishes the weight of a lithosphere column while vertical expansion does not affect the column weight at the reference level.
Isostatic uplift of the lithosphere may occur in response to heating which reduces the weight of lithosphere columns. Equation (7) may be utilized to compute an effective upward force to represent this isostatic effect which augments the thermoelastic and foundation loading. Finite element modelling of this effect is accomplished with the application of ring loads to nodes at the base of the lithosphere mesh (Fig. 2) . The temperature profile directly above a given base node in the finite element model is used to calculate TE from equation (8). It is assumed that TE is constant over a radial interval equal to half the spacing on each side of a base node. Nodal ring loads are then determined using equation (7). A constant average density of 3000 kg m-3 was utilized in (7) in all cases where isostatic uplift forces are applied to account for lithosphere density variations. a, was set to 0.00004 K-' in (7) for ring load calculations.
In summary, the loads used in the finite element model result from the following three conditions:
(1) Thermoelastic stresses caused by uneven lithosphere heating and differential expansion of lithosphere rocks;
(2) Isostatic foundation loading caused by the density difference between the asthenosphere and material infilling the deformed lithosphere surface topography; ( 3 ) Isostatic uplift forces caused by radial expansion and the diminished density per unit area of heated columns of lithosphere material.
Vertical deflections from axisymmetric finite element solutions with thermoelastic loading and an air infill asthenosphere foundation modulus of 32.34 kPa m-3 are given in Fig. 4 . The plots are for a case with thermoelastic loading and for a case where this same thermoelastic loading is augmented by isostatic uplift forces caused by density changes in the heated lithosphere plate. In the absence of lithosphere plate thermal density variations, thermoelastic loading produces a maximum downward deflection of 43 m at the surface and 89 m at the base at the origin (plate centre). The difference between the surface and base deflections, which represents vertical expansion of the lithosphere, is 46 m at the origin and diminishes with radial distance to zero near R = 380 km. A maximum surface uplift of 9 m occurs near R = 220 km. The maximum upward vertical deflection of the base is 6 m near R = 240 km.
Vertical deflections for the air infill, thermoelastic lithosphere model with thermal density variations show a surface uplift of 48 m at the origin. The uplift increases to 53 m at R = 80 km and then diminishes with radial distance. The addition of isostatic uplift forces offsets the downward deflections produced by thermoelastic loading when density variations within the lithosphere are not considered. Upward displacement of the lithosphere base in the density variation solution increases from 3 m at the origin to 40 m at R = 110 km. Vertical expansions are within 2 per cent of those obtained in the thermoelastic model without density variation. Vertical surface deflections are replotted in Fig. 5 for a lithosphere model with an air infill asthenosphere foundation modulus. The surface response of the lithosphere to density dependent isostatic uplift forces without thermoelastic loading is also given in Fig. 5 . The combined loading curve, which corresponds to the density variation surface curve in Fig. 4 , may be obtained by adding the results from the thermoelastic and isostatic uplift loading solutions. Thermoelastic loading reduces the surface uplift at the origin in the isostatic uplift solution from 91 to 48 m. Radial stresses in the lithosphere with an air-infill asthenosphere foundation-modulus are illustrated in Fig. 6 . Radial stresses were obtained at the centroids of the first column of elements at R = 5 km (see Fig. 2 ). In the isostatic uplift solution, where thermoelastic loading is not applied, the neutral surface is located at the plate mid-depth (Z = -20 km). The computed maximum tensile stress is 16.2 MPa a t Z = -2.5 km. The computed maximum compressive stress is 16.6 MPa at Z = -37.5 kin. The neutral surface is displaced upward from the mid-depth to approximately Z = -9 km and a significant increase in radial stress is observed when thermoelastic loads are applied. The maximum computed tensile and compressive stresses for thermoelastic loading are 27.5 MPa at Z = -2.5 km and 122.6 MPa at Z = -37.5 km, respectively. The larger stresses occur in the combined loading solution with a tensile stress of 43.7MPa at Z = -2.5 km and a compressive stress at 139.2 MPa a t Z = -37.5 km. The neutral surface is located near Z = -1 1.2 km in the combined loading solution. Note that the radial stress profile for the combined loading solution can be obtained by adding the radial stresses from the thermoelastic and isostatic uplift loading models.
Vertical deflections for an axisymmetric thermoelastic lithosphere with and without density variations and a water infill foundation modulus of 22.54 kPa mF3 are plotted in Fig. 7 . Positive isostatic forces, resulting from a density reduction in lithosphere material due to radial thermal expansion, combined with thermoelastic loading, results in uplift of the lithosphere at the origin. The lithosphere surface and base are uplifted by 6 3 m and 17.4m, Figure 11 . Vertical deflection versus radial distance profiles of the lithosphere surface for models with thermoelastic loading, isostatic uplift loading (density variation), and combined loading. A modulus of 5.88 kPa w 3 , corresponding to sediment infill, was utilized for the asthenosphere foundation.
respectively, in contrast to a subsidence of 57 m and 103 m when density variations are not considered in the solution. Vertical expansion of the lithosphere is approximately 46 m at the origin in both solutions and decreases to zero near R = 380 km. Note that vertical expansion results are the same as those obtained with the stiffer air infill asthenosphere modulus (see Fig. 4 ). Vertical surface deflections for the thermoelastic lithosphere solution with a water infill asthenosphere foundation modulus are replotted in Fig. 8 . Results from a solution with isostatic uplift forces and no thermoelastic stresses are also shown in Fig. 8 . Thermoelastic loading reduces (see the combined loading curve in Fig. 8 ) the isostatic uplift at the origin, caused by the diminished density of heated lithosphere material, from 119 to 6 3 m ; a decrease of 47 per cent.
Radial stresses for the lithosphere model with a water infill asthenosphere foundation modulus are given in Fig. 9 . Thermoelastic loading produces significant changes in the vertical stress profile relative to the isostatic uplift loading solution where thermoelastic loading is not applied. The neutral plane moves from the mid-depth in the isostatic uplift loading solution to -1 1 km for the combined loading solution. Tensile stresses at Z = -2.5 km increase from 19 MPa in the isostatic uplift loading solution to 44 MPa in the combined loading solution where thermoelastic loading is also applied. When thermoelastic loading augments the isostatic uplift loading, compressive stresses increase by a factor of 7 from 19 t o 139 MPa at Z = -37.5 km. Vertical deflections for an axisymmetric thermoelastic lithosphere solution with a sediment infill asthenosphere foundation modulus of 5.88 kPa m-3 are given in Fig. 10 . The increased vertical deflections relative to the air infill (Fig. 4) and water infill (Fig. 7) cases result from a reduced foundation stiffness. The asthenosphere foundation modulus in the sediment infill case is a quarter of the value used in the water infill case. At the origin the lithosphere surface deflects downward 119 m and the base 165 m in response to thermoelastic loading. This contrasts with uplifts of 192 and 147 m, respectively, in the solution where isostatic uplift forces augment the thermoelastic loading for density variation. Vertical expansions are within 2 per cent of those obtained for the air and water infill solutions. Vertical expansion decreases from 45 m at R = 0 to zero near R = 380 km. The maximum peripheral surface uplift in the thermoelastic solution without density variation is 11.5 m near R = 340 km.
Vertical surface deflections for the lithosphere with a sediment infill asthenosphere foundation modulus are replotted in Fig. 11 . The effect of isostatic uplift forces without thermoelastic effects is also shown. An upward deflection of 31 1 m occurs at the origin in the isostatic uplift loading solution where thermoelastic loading is not applied. The uplift at the origin is reduced to 192 m by thermoelastic effects in the combined loading solution.
Radial stresses obtained from the sediment infill asthenosphere foundation modulus solutions are given in Fig. 12 . In the isostatic uplift loading solution, where thermoelastic stresses are absent, the neutral surface is located at the mid-depth. The maximum observed compressive stress is 33 MPa at Z = -37.5 km. Thermoelastic loading significantly increases the radial stresses in the lithosphere plate and reduces the depth of the neutral surface to Z = -7.5 km. When isostatic uplift and thermoelastic loads are both applied in the combined loading solution, the neutral axis is located at 2 = -12 km. The largest stress occurs in the combined loading solution (143 MPa at Z = -37.5 km). A summary of vertical deflection profiles is given in Fig. 13 for thermoelastic and combined (thermoelastic + isostatic uplift) loading to illustrate the effect of the asthenosphere foundation modulus on model solutions. Note that as the asthenosphere foundation modulus increases from air infill to sediment infill, both the thermoelastic and combined loading deflections increase.
Conclusions
An axisymmetric finite element model is used t o study thermoelastic stresses and deformations in a lithosphereplate.Asmall point heat source of 4.184 x 108W located 60km beneath the lithosphere base produces an uplift of 192 m at the centre of a 40 km thick elastic plate.
This is significantly less than the 3 11 m uplift that occurs when density-dependent isostatic uplift forces alone are applied. Thermoelastic stresses, produced by differential expansion of the heated lithosphere elastic material, augment the isostatic uplift forces produced by the diminished density of heated lithosphere columns.
Large radial stresses are developed in the lithosphere plate with thermal loading. The neutral stress plane is displaced towards the surface due to greater expansion of the base material which is closer to the point heat source. Thermoelastic loading produces stresses up to seven times larger than those obtained with density-dependent isostatic uplift forces. The high stress sensitivity of an elastic lithosphere to small thermal sources indicates that largescale heat flow anomalies, melting and volcanism, or phase transitions need not accompany thermoelastic flexure. Thermal loads should be considered in addition to gravity loads in elastic flexure models for sedimentary basins, rifts and volcanic surface loads.
The finite element model has several advantages over the classical thin plate approach for thermoelastic lithosphere analysis. Stresses and strains can be obtained at any point within the lithosphere thickness. Stress is a linear function of depth in thin plate theory with the neutral stress plane located at the mid-depth. The correct position of the neutral stress plane and the nonlinear variation of stress with depth under thermal loading can easily be computed with the finite element model. Vertical deflections in thin plate theory are constant through the lithosphere thickness at any surface point. The variation of vertical displacement with depth can be obtained with the axisymmetric finite element lithosphere model. The vertical expansion of the heated lithosphere, which is the difference between the surface and base vertical deflections at a given radius, is also easily determined.
Thermal sources at depth may produce creep deformations in the lower lithosphere (McMullen, Hodge & CozzareLli 1981 ; DeRto, Cozzarelli & Hodge 1983) . A reduction of the high radial stress may occur with creep stress relaxation. The interaction between timedependent heat transfer and the corresponding thermal load and creep stress relaxation would reduce the high basal tensile stresses which are present in the elastic lithosphere model. Time-dependent thermal loading and nonlinear material properties were not considered in this study. where P is the column vector of applied loads. The solution involves obtaining the displacements {U} and then substituting into (A5) and (A8) to obtain the strains and the stresses in the continuum.
